Complex Geometry Exercises

Week 10

Exercise 1. Let (X, J) be a complex manifold. Show that H°(X, 7x) is naturally a complex
Lie algebra, for which the Lie bracket is complex bilinear.

(Hint: Recall the Nijenhuis tensor Ny(X,Y) = [JX,JY]| - J[JX,Y]| - JX,JY]|—-[X,Y].)

Exercise 2. Prove the following assertions.

(i) The group Aut(CP") is path-connected.

(i) Any f € Aut(CP"), with f # 1, has n+ 1 fized points (counted with multiplicity).
(iii) The group Aut(CP') is sharply 3-transitive.

(iv) The group Aut(CP") is 2-transitive but not 3-transitive for n > 2.

Exercise 3.

(i) Consider (Ey, hy) and (Es, he) holomorphic hermitian vector bundles over a Kdihler
manifold. Prove that

Hp,q(El S%) EQ) = Hp,q(El> S¥) Hp’q(Eg) .

(i) Using the Euler sequence

0— O(C[pm — @0(1) — TCcp™ — 0 )
i=0
show that

A +1)22—1 ifi=0,
dim HZ<CIP>TL7 T(c[pm) = (n ) Zf '

otherwise

(continues on the back)
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Exercise 4. Let f: X — X be a continuous map. We say z is fized by f if f(z) = z. For
an isolated fix point, we define the index of z as the degree of the homology map induced in
U\ A{z} for U a small enough neighbourhood of z.

Assume that f is holomorphic.
(i) Show that the degree is always positive.

(ii) Using local coordinates, show that the degree is equal to the multiplicity of the zero of
the (locally defined) function g(z) = f(z) — z.

Assume that X 1s closed.

(#1i) Prove that if f # Id, the number of fized points (with multiplicity) coincides with the
Lefschetz number of f:

Ar=3"T (f* . H*(X,R) — H"”“(X,R)) .

k>0

(iv) Compute the number of fixed points if f is homotopic to the identity.

(v) Study the fized points of f € Aut(T").



